The interpolation problem of matching a cubic spline at one intermediate point and cubic spline with multiple knots at two intermediate points between the successive knots are studied when the interpolatory points are not necessarily equispaced.
1. Introduction. The interpolation problems of matching a cubic spline at one intermediate point and cubic spline with multiple knots (see [1, p. 125] ) at two intermediate points between the successive knots have been studied in [3] . The problems of matching the integral means of splines between successive knots with the same means of a given function for quadratic and cubic splines have been respectively settled by Sharma and Tzimbalario [4] and Dikshit [2] . It may be observed that the results [3, Theorem 1] and [2, Theorem 1] do not cover the interpolation problem when the points of interpolation are not equispaced. The object of the present paper is to study the problems of one point interpolation by cubic splines and two point interpolation by cubic splines with multiple knots when the interpolatory points are not necessarily equispaced.
2. Existence and uniqueness (equidistant knots). Let us consider the partition P of [0, 1] given by P: 0 = x0 < x, < • • • < x" = 1 such that x, -x,_, = p for i = 1,2,...,«.
For a positive integer m, we define by ITm the class of polynomials of degree m or less. We say that s(x) is a pp function of degree m over F if the restriction s¡(x) of s(x) over [x,_" x,] is in Ilm for / = 1, 2, . . . , n. The class 5(3, P) of cubic splines is the set of pp functions of degree three which are in the class C2 [0, 1] .
Considering the points y¡(a) = y i = xi-\ + a¡P> i=\, . ..,n, with 0 < a, < 1, we propose the following: Problem A. Under what restrictions on a¡ does there exist a unique spline in S(3, P) satisfying the interpolatory condition Ay,)-s(y¡), i = \,...,n, (2.1)
where thef(y¡)'s are given functional values! In order to investigate Problem A, we observe that since s(x) G S(3, P), s"(x) is linear; therefore, for the interval [x,_,, x,], we may write 6ps(x) = M,(x -x,_,)3 + M_,(x,. -x)3 + 3A¿x -y,) + B, (2.2) where M¡ = s"(x¡) and A¡, B¡ are appropriate constants which have to be determined.
We are now set to answer Problem A with the following Theorem 1. Let f be \-periodic. Then there exists a unique l-periodic spline s(x) in the class S(3, P) satisfying the interpolatory condition (2.1) if for all i either 0 < a¡ < 1/3 or 2/3 < a,. < 1.
It may be observed that in the interpolation problem considered in [3] , a, is a constant so that the points of interpolation are required to be equispaced.
Proof of Theorem 1. Using the requirement that s(x) is in the class C^O, 1], we get It is clear that the coefficients of Mi+2, M¡_x are nonnegative. We next observe that the coefficients of A/1+, and M¡ are positive in both the cases: (i) 0 < a, < 1/3 and (ii) 2/3 < a¡ < 1. Considering (i), we see that a,3+2 -a,3+, > (7/27) whereas a?+, < 1/27; therefore, the coefficient of Mi+X is not less than (76, -bi+x)/21 which is positive since lb¡ > bi+x. We also see that if (ii) holds, then 6a,+2 -a,3+, > 3 whereas af+x < 1; therefore, the coefficient of Mi+l is not less than 3b¡ -bi+x > 0. By a parallel reasoning we may show that the coefficient of M¡ is also positive in each of the two cases.
In (2.5), the excess of the coefficient of M¡ over the sum of the coefficients of Mi+2, Mi+X and M,_, is c, =[1 -3a2 + 2a,3 -3a2+, + 2a3+,]¿>,.+ ,
If we now assume that, for all », 0 < a, < 1 /3, then c, is clearly seen to be positive since b¡, bi+x and their coefficients are all positive. Thus, the coefficient matrix of (2.5) is diagonally dominant whenever 0 < a, < But, if we assume that, for all I", 2/3 < a, < 1, then the coefficients of b¡ and bi+x in (2.7) are positive monotonie nondecreasing functions of a,+" ai+2 and a" a,+, respectively whenever 2/3 < a" aI+" a,+2 < 1« Thus d¡ > 0 and the coefficient matrix of (2.5) is diagonally dominant. This completes the proof of Theorem 1.
Error bounds (one point interpolation)
. In this section we obtain error bounds for the spline interpolant of Theorem 1. For simplicity, we assume throughout this section that for all i a, -Ö/+1 = k (3.1)
where A: is a constant. In what follows, we shall use the notation that, for the function fix), f¡ = f(x¡). We shall prove the following. 
where N'x, N2 are appropriate positive constants. We now proceed to obtain the error bound for the case when 0 < a, < 1/3 for all i and observe that similar bounds hold for the other case. In view of the assumption that a¡ -a,+, = k, we see from (2.6) that the row max norm of the coefficient matrix in (3.2) is not less than 2 -3a2 + 2a3 -6a,2+, + 4a3+, -3a2+2 (3.5) which in its turn is not less than 8/9, since (3.5) is a positive monotonie nonincreasing function of a" ai+x, a1+2 whenever 0 < a,-< 1/3 for all 1. Thus, the row max norm of the inverse of the coefficient matrix in (3.2) does not exceed 9/8, so that, we have 15 in place of 12 in the inequality (3.10). 4 . Cubic spline with multiple knots. Even those pp functions which do not satisfy the maximum (nontrivial) smoothness requirement have been discovered to be quite interesting (see [1, p. 125] ). The set of 1-periodic pp functions of degree 3 which are in C'[0, 1] define the class S*(3, P) of periodic cubic splines with multiple knots. In § §4 and 5 we shall study the following problem of interpolation by pp functions of the class S*(3, P). 
